Noname manuscript No.
(will be inserted by the editor)

Existence of periodic wave of a BBM equation with
delayed convection and weak diffusion
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Abstract This paper focus on the existence and uniqueness of periodic waves
for a BBM equation with local strong generic delay convection and weak dif-
fusion. By analyzing the corresponding Hamiltonian system, we aim to obtain
the existence of periodic orbit by constructing a locally invariant manifold
according to geometric singular perturbation theory. Chebyshev criteria is ap-
plied to investigate the ratio of Abelian integrals. We prove the existence and
uniqueness of periodic wave solution with sufficiently small perturbation pa-
rameter. Moreover, the upper and lower bounds of the limiting wave speed are
given.
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1 Introduction

Traveling wave solutions plays an important role in many mathematically
modelled phenomena. It can be applied in comparison principles and char-
acterize the long-term behaviour in numerous situations in conformance with
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their natural occurrence. Up to now, there are lots of nonlinear models, such
as, Korteweg-de Vries equation [1], Green-Naghdi [3], Burgers equation [4],
Kadomtsev-Petviashvili equation [2], Camassa-Holm equation [5]. A well known
nonlinear, dispersive equation is Benjamin-Bona-Mahony (BBM) equation [6],
which given by

Up + Uy + Uy — Uggt = 0, (1)

which is deduced basing on model with nonlinear dispersion under the same as-
sumption as the KdV equation, describing unidirectional propagation of weak-
ly long surface waves. According to the widely application in surface waves of
long wavelengths, hydromagnetic waves in cold plasma, acoustic gravity waves
in compressible fluids etc.[7], BBM equation was modified and generalized in-
to many forms. Moreover, since BBM equation has an advantages over KdV
equation on investigating the long waves, researchers in many fields had been
attracted to investigate it from different points. For example, Micu [8] proved
the BBM equation is approximately controllable but not spectrally controllable
and proved a finite controllability result. New soliton solutions of modified BB-
M equation were constructed by generalized Kudryashov method [9]. By using
the theory of bifurcations of dynamical systems, Zhao [10] proved there exist
some smooth and non-smooth periodic wave solutions, solitary wave solutions
for some generalized BBM equations. By inverse scattering transformation,
Biswas [12] obtained the solitary wave solutions to the BBM equation with
dual power law nonlinearity. By Lie-group method, Singh [11] studied the
symmetries of the BBM equation with variable coeflicients.

Particularly, Wazwaz [13] studied the traveling wave solutions on following
generalized forms of the BBM equation

(um)t + (Un)x + (ul)xmz =0 (2)

and found its compaction of dispersive structures. After that, Chen et al. [14]
considered the BBM equation (2) with m =2,n=3 and [ =1

which including weak backward diffusion and dissipation effects. By using geo-
metric singular perturbation theory, they established the existence of periodic
waves and solitary waves. Picard-Fuchs equation was introduced to studied
the properties on the ratios of Abelian integrals. Zhu [15] gave the persistence
of two solitary waves with particular nonzero limits for (3) when the integral
constant is taken into consideration. Zhang [16] presented a portion of the
solitary wave solutions for the equation (3) persist under small perturbations
and the wave speed selection principle. Sun and Yu [17] investigated the BBM
equation (2) for m = 3,n =4 and | = 1 with two different perturbations

() + (u)g + gy + P =0, i = 1,2, (4)

with P; = Uy + Uzzaa, Po = (o + a1u+ agu?)uy),, where ag, aq and ay are
bounded parameters. The authors focused on the existence of periodic waves
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on a locally invariant manifold and found the number of zeros of some linear
combinations of Abelian integrals. The analysis is mainly based on Chebyshev
criteria and asymptotic expansions of Abelian integrals near the solitary and
singularity. For the equation (4) with P, they gave the asymptotic expansions
of the Melniokov functions at two endpoints and proved the upper bounded
number of periodic waves is two. The sufficient conditions for the coexistence
of periodic waves and solitary wave were given. Guo and Zhao [18] studied the
BBM equation (2) for m = 3,n =5 and [ = 1 with weak backward diffusion
and dissipation effects given by

() + (u°) g + Upze + €(Uze + Uppzz) = 0. (5)

They proved that periodic wave solutions persist for sufficiently small per-
turbation parameter. By Picard-Fuchs equations and linear programming, the
property of ratio of Abelian integrals were given. More recently, Dai and Wei
[19] investigated to the existence and uniqueness of periodic waves for a per-
turbed sextic generalized BBM equation with weak backward diffusion and
dissipation effects

(u5)t + (UG)Q: + Upzr + g(uxx + Uaca:xw) = 0. (6)

The associated ODE of (6) with ¢ = 0 has a more degenerate singularity, that
is, the nilpotent saddle with order 2.

There are some other excellent works on this topic, for instance, Ogawa [20]
studied the traveling wave solutions to a perturbed KdV eqaution. Yan [21]
investigated the existence of solitary waves and periodic waves to a perturbed
generalized KdV equation. Chen [22] established the existence of kink waves
and periodic waves for a perturbed defocusing mKdV equation. Sun [23] proved
the coexistence of the solitary wave and one periodic wave for a convecting
shallow water fluid model. Additionally, Du and his cooperators considered the
existence of traveling waves solutions for a series of physical models containing
convolution kernels by using the geometric singular perturbation analysis, see
[24-29] in details. Therefore, geometric singular perturbation theory is an ef-
fective tools to deal with the singular problems on existence of traveling wave
solution for perturbed models.

More recently, Wang [30] considered the following generalized BBM equa-
tion with weak generic kernel delay

Ut + ((f * u)unil)z — Ugat + TUzgzze = 0,

with n € Z7, f is weak generic kernel. They proved the existence of solitary
wave solution under some parametric conditions. However, the existence of
periodic wave solution for the delayed BBM equation didn’t been considered
in their manuscript. However, one may ask that, what is the dynamic behavior
on the periodic wave solutions for delayed BBM equation? What’s more, when
BBM equation contains a strong generic kernel delay in the convection term
and weak backward diffusion, does the periodic wave vanish or persist? To
answer these questions, we consider a generalized BBM equation contains a
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strong generic kernel delay in the convection term and weak backward diffusion
given by
(W®)e + ((f * w)u?)e + Uggs + Ttizy =0 (7)

with 7 > 0 is a perturbation parameter, f(t) = Tt—ze’ﬁ is the kernel function.

f *u is a convolution in the spatial-temporal variable and ((f * u)u?), means
a strong generic kernel delay in the convection term. Tu., represents weak
backward diffusion. The convolution f * u is defined by

(f *u)(z,t) = /_ f(t = s)u(z, s)ds.

The kernel function f satisfies the normalization condition
oo
fi10,400) = 0.+00). [ fa)dt =1, 17(2) € L1((0.0). ).
0

Another typical kernel is usually considered in the literatures in the form
flit)y= %e’%, which is called the weak generic delay kernel. The weak generic
delay kernel means the idea that the further one is influenced by the past and
the influence is decreasing to zero as time progresses. The local strong generic
delay kernel is usually regarded as the smoothed version of the discrete delay
f(t) =0(t—7). According to kernel achieves its unique maximum at ¢t = 7, the
strong kernel implies that some particular time in the past is more important
than any others. In this paper, we will consider the strong kernel in Eq. (7),
since the maximum of the perturbation may be more important in propagation
of shallow water waves. However, the existence of traveling wave for Eq. (7) is
a singular problem, therefore, we use geometric singular perturbation theory
to reduce the singular perturbed model into regular system. Some relatively
new theory of weak Hilberts 16th problem and qualitative theory of ordinary
differential equations are employed to prove the presented results.

The rest of this paper is organized as follows. Section 2 is devoted to
some preliminary results including geometric singular perturbation theory and
system reduction. In Section 3, we investigate the existence of periodic wave
solution for system (7) and give the proof of our main results. Chebyshev
criteria is applied to investigate the ratio of Abelian integrals, which seem
to be more effective than Picard-Fuchs equation method used in [14,18]. It
is a simplify numerical simulations on the the ratio of Abelian integrals and
periodic wave solution in Section 4.

2 Preliminaries

Geometric singular perturbation theory is an effective tool to prove the trav-
eling wave persists for the singular perturbed systems containing sufficiently
small parameters, so the theory is introduced firstly, according to [31,32].

Consider the system
{w’(t) = f(z,y,¢),

(8)

Y'(t) = eg(z,y,¢),
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where / = %, 0 < e < 1 is areal and small parameter, r = (21,22, ...,2%)’ €

RE vy = (y1,92,...,y)T € R'. The functions f and g are both C* on a set
U x I, where U C RF*! is open and I is an open interval containing 0.
With a change of time scaling 7 = t, system (8) can be written as

Ex = f(x’y78)7
{= o)

y=9(z,y,¢),

where "= %. The time scale 7 is slow and ¢ is fast. When ¢ # 0, systems (8)
and (9) are equivalent. Thus system (8) is called the fast system, while system
(9) is called the slow system. Letting ¢ — 0 in (8), it obtains the layer system

{Jf/(t) = f(z,9,0),
y'(t) = 0.

Here, x is called the fast variable, whereas y is called the slow variable. Let
e — 0in (9), the limit system is given by

{f('r7y70) =0,

(10)

. (11)
v =g(z,y,0).

It only makes sense if f(x,y,0) = 0. Assume that there is a given an [-

dimensional manifold My which is contained in the set {f(z,y,0) = 0}.

Definition 1 The manifold My is normally hyperbolic if the linearization of
layer system (10) at each point in M, has exactly [ eigenvalues on the imagi-
nary axis.

Definition 2 A set M is locally invariant under the flow from (8) if it has
neighborhood V so that no trajectory can leave M without also leaving V. In
other words, it is locally invariant if for all € M, x - [0,¢] C V implies that
x - [0,t] € M, similarly with [0,¢] replaced by [t,0], when ¢t < 0, where the
notation z - ¢ is used to denote the application of a flow after time ¢ to the
initial condition x.

Assume that there is a C> function h°(y), for y € K, with K being a compact
domain in R!, such that My = {(z,y) : = h®(y)}. Consequently, the following
lemmas on geometric theory of singular perturbation are established.

Lemma 1 For € > 0 is sufficiently small, there exists a manifold M. lying
within O(e) of My. M is diffeomorphic to My and locally invariant under the
flow of (8), and C" in z,y and €, for any 0 < r < +oo.

Lemma 2 For ¢ > 0 is sufficiently small, there exists a function x = he(y)
defining on K, such that the graph

M, = {(.’E,y) T = hs(y>}?

is locally invariant under (8). Moreover, he(y) is C", for any 0 < r < 400,
jointly in y and €. M, possesses locally invariant stable and unstable manifold
We(M,) and W¥(M,.) lying within O(g) and being C" diffeomorphic to the
stable and unstable manifold W*(My) and W*(My) of the critical manifold
M.
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3 System reduction and perturbation analysis

For equation (7) with a local strong delay kernel, making a traveling wave
transformation u(z,t) = G(x + ct) = 4(§), where ¢ > 0 is the wave speed, it is
changed to the following traveling wave system

C(ﬁg)/—i-( ) +u///+ 07

where ’ is derivative respect to &, w = (f *x1)(§) = O+°° %e‘éﬁ(ﬁ — ct)dt.
Integrating it once and neglecting the integral constant, then it has

cii* + wa? + " + 1’ = 0. (12)
Making variable transformations @ = c¢, £ = %z, Eq. (12) can be simplified to

rdp AP
O e’ + -+ =0, (13)

where

By direct computation, the derivatives is given by

d 1 d¢ 1
T=5€-n, Z=506-0, (14)

c

¢= /+00 le_ﬂé z—cs) ds.

Introducing a new variable ¢ := %, combining (14) with (13), it obtains the

following four-dimensional system

(4o _
L=
d T
dj =—¢> —n¢® — —p,
VA C
d 1
il = 7(§_77)7

dz c?

i 1
T T ?(¢_C)a

with

(15)

P, N

which is the slow system. When 7 — 0, it can be verified that n — ¢ from
the latter two equations of system (15). At this limit status, it reduces to the
unperturbed model

—¢° — ¢,

%\% ik
=
=2

-
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which is a Hamiltonian system with the energy function

1 1 1
H = 22+ 24P+ ot 1
(¢,0) = 59" + 30"+ 10 (17)
By the bifurcation theory of dynamical systems, system (16) has two equilibria
E1(0,0), E2(—1,0). By the Jacobian matrix of vector field of (16) at each equi-
librium, one gets E; is saddle, Es is center. The corresponding energy function
values are H(0,0) =0, H(—1,0) = —1/12. Let I, := {(¢, %) : H(¢, ) = h}

41-1.2 -1 -08 -06

u

Fig. 1 Phase portraits of (16).

correspond to closed orbits of (16) for each h € (—1/12,0). We give the phase
portraits of (16) in Figures 1. Denote ¢(z,c¢) the periodic wave solutions of
system (13) and ¢g(z) the solitary wave solution which corresponds to the ho-
moclinic orbit connecting to the origin. For the corresponding traveling wave
system of delayed BBM equation (7), we obtain the following statements.

1
Theorem 1 For any given traveling wave speed ¢; € ((%) : %), there exists

To(c) > 0 such that when 0 < 7 < 19(c), ¢ = co + O(7), then Eq. (7) has a
unique isolated periodic wave solution u(x + ct), which given by u(x + ct) =
cp(c(x + ct)), satisfying

lim d(x + ct) —» —1,
(e;m)=(55:0),
0<r<70(C)
lim ¢z + ct) = ¢o(x + ct).

(e~ ((%)%,0),
0<7T<70(c)

We consider proving that the periodic wave persists for sufficiently small
7 > 0 by using geometric singular perturbation theory. Taking the time scaling
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z = 7s into (15), it yields

(do _

idS_T(p7

H

' dﬁ—T( ¢* — g’ *90),

{ (18)
dn 1 _

E£_CQ(< n)a

bde 1

k£_02(¢_<)

As introduced in Section 2, the time scale given by z is slow and s is fast, and
the two systems are equivalent when 7 # 0. Meanwhile, system (18) is the fast
system. The limit system of (18) with 7 — 0 is given by

do
as =V
dp

(C—mn),
(¢ -0,

e e N e
U
&

0,

_ 1
ds — ¢2
1

2

which is the layer system. In system (15), whenr — 0, it yields the reduced
system naturally

(do _

idz_gov

b dp

£:_¢2_¢37 (20)
EC_T]:O7

lop—(¢=0.

Then the critical manifold is determined as

Mo = {(¢,0,1,¢) € R' 1= ¢,{ = ¢, —1/3 < 29> +4/3¢° + ¢" <0}, (21)

which is a four-dimensional submanifold in R*. Clearly, My is a compact in-
variant manifold. The Jacobian matrix of the layer system (19) is given by

00 0 O
00 0 O
1 1 )
G
c? c?
which always has four eigenvalues A\ = Ay = 0, A3 = Ay = —C%, that is, the

Jacobian matrix has exactly two eigenvalues with nonzero real part at all its
singularities. Then My is normally hyperbolic. Notice that the set M is given
as the graph of the C'*°. From Lemma 1, it deduces that for 7 > 0 is sufficiently
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small, there exists a submanifold M, in R*, which is locally invariant under the
flow of system (18), within the Hausdorff distance O(7) of My. From Lemma 2,
M., can be expressed by the graph of a C” function with 0 < r < 400, which
given as the form

M, = {(,0,m,C) ER* i = ¢+ g(d,0,7),{ = &+ h(¢,0,7)},

where g, h are smooth functions and satisfy that g(¢, ¢,0) =0, h(e,p,0) = 0.
Then the functions can be expanded into Taylor series

99,0, 7) = Tg1(d, ) + 0(7—2)7 h(¢, @, 7) = Thi(, ») + 0(7_2)'

Then, it has

dn d¢

— = 0] — = O(r). 22

I, = ¢ T O, = =¢+0(r) (22)
Substituting (22) into the last two expressions in (15) and comparing the
coefficients of 7, it obtains that g; = —2c%p, h; = —c?p. Therefore, the slow
system (15) restricted on M. is reduced into a regular perturbed system

(do _

dz i)
1 dy 2 3 202 42 1 O(+2 (23)
ta——(ﬁ) —¢ —|—7‘( P —E><p—|— (19).
System (23) reduces to the non-delay medel (16) when 7 = 0. Then system
(23) is a near-Hamiltonian system. Since for h € (—75,0), H(¢,¢) = h de-
fines a family of periodic orbits I}, of system (23)|,—9, where H(¢, ) is the
Hamiltonian function given by (17).

Denote A(a(h),0) the intersection point of I}, on the positive ¢-axis, and
T the period of I},. For 7 > 0 sufficiently small, let I}, ; be a piece of orbit
starting from the point A(a(h),0) at time z = 0, and B(b(h, 7),0) be the first
intersection point of I, » return to positive ¢-axis at time z = z*(7) for h, is
in a sufficiently small neighbourhood of h. By [33], the displacement function
between B(b(h,7),0) and A(a(h),0) is given by

OH O0H
R R B U A e
AB ap 09 ® AB

- [ R [ e R P I
’ z"(7) 1
= 7-/ [(20%’)2 - E) + O(T)] wdz
= TF(zh, T,C).
By continuousness theorem, we have

lim I}, , = I}, lim b(h,7) = a(h), lim 2*(7) = T'(h).
T7—0 T—0

T—0
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Thus,
F(h,7,c¢) = M(h,c) + O(r),
where )
M(h,c) = F(h,0,¢) = % <2c2¢)2 - E) wdo. (24)
Iy,

The function M (h,c) is called Melnikov function and also called Abelian inte-
grals in some references. In order to investigate the existence of periodic waves
for the system (23), the zero of the displacement function d(h,7) is necessary.
According to (24) and the Poincaré bifurcation theory introduced in [34], it
suffices to investigate the zero of the Melnikov function M (h, ¢) in (24). Setting
that

In(h) = : ¢"pdo, (25)

where n € N. Then, Melnikov function can be expressed by
1
M(h,c) = 2¢*Jo — —Jy. (26)
c

We have the following lemmas on the properties of J, (k).

Lemma 3 For h € (—15,0), Ji(h) > 0 and Jo(h) > 0.

Proof According to Eq. (17), we obtain g—ﬁ = i. Thus, it yields
Op o"

JI(h) = "——dp = —d
w0 = § o Pao=§ Lao,

Iy Iy

Therefore, it has

1 T(h) 1 T(h)
J(h) = 7{ —d¢ = / —pdz = / dz =T(h) > 0,
r, ¢ 0 ¥ 0

where T'(h) is the period of I',. It implies that Jo(h) is increasing strictly
for h € (—%,0). What’s more, when h — —%, I, approaches to the center
(=1,0), implying that ¢ — 0. Thus, we have

J ( ! ) li dyp = i o *dz =0
—— )= lim = lim z=0.
0 12 o FhSD G o530 /, ¥
Combining with Jj(h) > 0 gives that Jo(h) > 0 for h € (—+5,0). The proof is
finished.

From Lemma 3, the following ratio is well defined as X (h) = jigzg . Combining

with (26), we have

M(h,c) = 22T, <X(h) - %) . (27)

The following proposition is needed for proving Theorem 2.1. In the rest
of this section we shall give the proof.
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Proposition 1 For h € (—+5,0), X'(h) <0 and

12’

7 .
9 < X(h) <1, hilm X(h) =1, ;ILIE})X(h)_ =

In order to prove Proposition refpropl, some lemmas is meaningful to under-
stand the property of J,(h) and X (h).

Lemma 4
4\[7T 1427
Then the ratio values at h = 0 is obtained
J2(0) 7
Jo(0) 9

Proof As h = 0, it follows from (17) that ¢ = 44/¢?(—2 — %2) Then by

direct computation, we have

2
0():759061(?*2/& o2 - Lag= 22

2 2 14+/2
no = § ¢2¢d¢=2/_é¢3\/—§—%d¢=— QQ.

The proof is completed.

Lemma 5 At h = the following ratio value holds:

—15;
Jo(—-L
l 2 — Jim oh) _
JO(_E h*}*% JO(h)
Proof Taking variable transformations ¢ = —1 4 rcosf, ¢ = rsinf to move

center to the origin, and denoting p = \/h + 5. From H(¢, ) — h = 0 it has

1 2 . . 1
G(r,p,0) := ZT4 cos* @ + gr‘j cos® 0 + 57‘2 —p* =0, (28)

which can be rewritten as

r2

1 4 .
Y <1 + 57"2 cos* 0 + 3" cos® 0) =% (29)

Notice that » > 0 and p > 0, then Eq. (29) is equivalent to %\/1 + 3r2cost 0 + 3rcos? 0 =
p. Define that

~ r 1 4
= 1 2 4 _ 30— p=0.
G(r,p,0) \/i\/ + 577 cos 9+3TCO§ 0—p=0 (30)
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When h — —1—12, then p — 0 and r — 0. Therefore,

~ oG (r,p,0) 1
G(0,0,0) =0, and Tl(ﬁﬂ):(o’o): E # 0.

By implicit function theorem, there exists a unique solution r = r(p, #) such
that a(r(p), p,0) = 0 for (r, p) near (0,0) define an analytic function of p near
0. From r(0,6) = 0, it obtains that r(p, ) can be expanded as a Taylor series.
Combing with (30), it derives r(p, ) as the form

4 2
r(p,0) =V2p + 3 cos® 0p* + [ cos* O(4cos? 0 — 9)p?

2 5
+ cos” 9<2i76 cos? f — 4) p*+0(p°).

By Green’s formula, we get

27 r(p,0)
Jn(h) :% ptvdp = // wdpdy :/ d@/ (=14 7rcos)"rdr. (32)
F}L 0 0

intly,

Noticing p = \/h + 75 and substituting (31) into (32), it yields
1 31 12 1)\3
Jo(h) =2 <h+ﬁ> + 357 (h+ﬁ> +0 <<h+12> ) :

e (i ) 5o+ 3) vo (4 )

for 0 < h + % <& 1. Therefore, it yields

7J2(_T12) = lim

Jo(—%Q) h——1 Jo(h)
This is the completes proof.

n

Lemma 6 J,(h) = Z(fl)inJi(h), where I;(h) = $go_p p'vdp, p =1+

i=0
o,V =, and
H*(p,v) = H(up— 1,v). (33)
Particular, forn=0,2, it has
Jo(h) = Iy(h), Ja(h) = Iz2(h) —2I1(h) + Iy(h). (34)

Proof On the transformation, it obtains

. ¢ pdg = ﬁ*:h(u —1)"wd(p—1) = 7{{*:}1 <Z(—1)"Ciu’i/> dp

=0

In(h)

n

<Z(—1)i01;> ﬁ]*:h plvdp =" (=1)'CLI;(h).

=0 =0
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Lemma 7 For h € (—%, 0), jﬁgzg is strictly decreasing from 1 to g

Proof Since ﬁgzg is strictly monotonic on the interval (—-5,0) is equivalent

to any nontrivial linear combinations oy Jo(h) + azJ2(h) has at most one zero
on (—?,0) counted with multiplicities, i.e., {Jy(h), Jo(h)} are ECT-systems
on (—13,0). Then the Chebyshev criteria [35,36] is an effective tool to prove
the monotonicity of the ratio function of two Abelian integrals. Taking the
variable transformation p = ¢ + 1, v = ¢, then Eq. (33) changes into

. 1 1, 24 1
H*(p,v) = H(p—1,v) = =35 + g0 = g + 5. (35)

Denoting . = h + -, then H*(u,v) = h, h € (—=,0) implies ﬁ(u,y) = h,

C 137 —13
h € (0, 75). Here

F(yu,v) = H (1, ) + —

=P+ (36)

v
23

with &(u) = iu‘l — %/f’ + %,uQ. Then for any given ¢ € (—%,0), it yields
JTRS (—%, 1), there exists a unique analytic involution function p(u) € (—%, 1)
such that

D(p) = (p(p)), p(p) # p- (37)

From Lemma 6, setting fo(u) := 1, fo(p) := p? — 2u + 1. The discriminant
function corresponding to f;(u) (i=0,2) is defined as

h) = (5) 60— (5) o). (39)

Factoring () —P(p), we obtain ®(u) —D(p) = 75 (n—p)g(, p) with q(p,p) =
313 + 3u%p + 3up? + 3p3 — 8u? — Supz — 8p? + 6 + 6p. From Eq. (37), p(u) is
an implicit function defined by the equation ¢(u, p) = 0. Thus, it has

T =5 (5) -1 (%) o) 2.

with

dp _ _Bq(u,p)/afJ(u,p)
du ou op

With aids of Maple, a direct computation possesses the following Wronskians

(g =p)wi(p,p)
Wil = = = 1)21(1) —-1)%
(1 — p)3wa2(p, p)
p2p?(p —1)3(p — 1)3wo(p, p)’

Wilo(p), l2(p)] = —
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where

wo(, p) =3p* + 6up + 9p° — 8 — 16p + 6,

wy(p,p) =p° + pp +p* — 20— 2p+ 1,

wo (1, p) =18u* + 39u>p + 4812p* 4 39up® + 18p* — T7u® — 145u%p — 145up?
— 77p + 119p® + 182up + 119p* — 78 — 78p + 18.

In order to find the zero of w;(u, p), a technical skill is calculating the resul-
tant of w;(w,p) and q(u, p) with respect to p. With the aids of mathematical
software, it yields

Res(wo, ¢, p) = 144(3p” — 81+ 6)(3u + 1)*(u — 1)%,

Res(wy,q,p) = (—9u* + 184 — 6p° — 6p — 1)(n — 1)?,

Res(ws, g, p)= —864(81u5— 32447 + 414,° —30u5— 236u* — 2443
4+ 1200% 4 54+ 9) (u —1)™.

(39)

By Sturm’s theorem, the polynomial 3% — 8y + 6 = 0 has no real root for
€ (—3,1). Thus, wo(p,p) = 0 and g(u,p) = 0 have no common real root
for pn € (—%,1), implying W[lo(x), I2(1)] makes sense. Sturm’s theorem is also
used to verify the polynomial —9u* 4 1813 — 642 — 61 — 1 has no real zero for
€ (—3,1), then W(l(p)] # 0 for p € (—3,1).

Similarly, the resultants Res(ws, ¢, p) # 0is used to verify that Wlo(p), l2(u)] #
0 for 1 € (0,1), implying that {Jo(h), Jo(h)} is an ECT-system on (—15,0).

Thus, 283 is strictly monotonic on (

—=,0). Combining with Lemmas 4 and
5, the conclusion in this lemma is true.

According to Lemmas 4-6, the conclusion in Proposition 1 is obtained.

Now, we prove Theorem 1.
1

[Proof of Theorem 1.] By Eq. (27), we choose ¢ = ¢(h) = (@) ® for each
h € (—15,0), then M(h,c) = 0 has a unique root, denoted by h*. Moreover,
M'(h*,c) # 0, then h* is simple root of M(h,c) = 0. It is not hard to give

(h) <0, since X'(h) < 0 for h € (—15,0). Therefore, it holds

wl=

7\3 1 7 , 1
(55) <et < vz Hmyelh) = () pJm, e(h) = 7
Applying the implicit function theorem, choosing ¢ = ¢(h) + O(7) such that
M(h,c) + O(7) has a unique zero near h*, which implying that there exists
sufficiently small 79(c) > 0 such that when 0 < 7 < 79(c), then d(h,T,c) has
a unique simple zero at h = h* + O(7). Therefore, system (15) has a unique
isolated limit cycle near I+, which decudes system (7) has a unique isolated
periodic wave solution near ¢(z, h*). Furthermore, when ¢ — 3%/5 and 7 — 0,

1
then Iy, — (—1,0) and ¢(z,¢,7,h) — —1. When ¢ — (1—78)3 and 7 — 0,
then I}, — Iy and hence ¢(z,c¢,7,h) — ¢o(z). These results lead to the
conclusions of Theorem 1.
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4 Numerical simulations

In this section, some numerical simulations are presented to verify the the-
oretical results obtained in the previous sections. It is shown that for h €
(—15,0), X(h) is decreasing from 1 to %, we give the profile in Figure 2. Tak-

ing h* = —5, X(h*) = 0.9901916789, which in turns gives that 2¢* = % =

1.009905477 leading to M (h,c) = 0. Consequently, setting ¢ = 0.7963125809,
7 = 0.01, taking the initial value (¢,¢) = (—0.7,0), it is not hard to find
that the orbit is approaching to an isolated limit cycle, which is the unique
persisted periodic orbit of the system (23), see Figure 3. Furthermore, fixing
h, ¢ and T, taking the initial value (¢, ») = (—0.8766925399,0), we obtain the
corresponding unique periodic waves solution of equation (7), see Figure 4.
This is consistent to Theorem 1.

r0.98
r0.96
r0.94
r0.92
r0.90
r0.88
r0.86
r0.84
r0.82

r0.80

T T T T T T T T
-0.08 -0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01

Fig. 2 The graph of X (h) for h € (—15,0).
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Fig. 3 The unique periodic orbit of the system (23).
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Fig. 4 The periodic wave of the delay equation (7).
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